Introduction
Cyclic codes over finite fields have been studied since 1960's because of their algebraic structures as ideals in certain commutative rings. Interest in codes over finite rings increased substantially after a break-through work by Hammons et al. in 1994. In 2007, Boucher et al. [3] generalized the concept of cyclic code over a non-commutative ring, namely skew polynomial ring F q [x; θ], where F q is a field with q elements and θ is an automorphism of F q . In the polynomial ring F q [x; θ], addition is defined as the usual one of polynomials and the multiplication is defined by the rule ax i * bx j = aθ i (b)x i+j for a, b ∈ F q . Boucher and Ulmer [4] constructed some θ-cyclic codes called skew cyclic codes with Hamming distance larger than that of previously known linear codes with the same parameters. Siap et al. [18] investigated structural properties of skew cyclic codes of arbitrary length.
After the first phase of study on skew cyclic codes over fields, the focus of attention moved to skew cyclic codes over rings. Abualrub et.al [1] studied skew cyclic codes over F 2 + vF 2 , where v 2 = v and the automorphism θ was taken as θ : v → v + 1. Li Jin [13] studied skew cyclic codes over F p + vF p , where v 2 = 1 with the automorphism θ taken as θ : a + bv → a − bv. In 2014, Gursoy et al. [10] determined generator polynomials and found idempotent generators of skew cyclic codes over F q + vF q , where v 2 = v and the automorphism θ was defined as θ t : a + bv → a p t + b p t v. Minjia Shi et al. [16] studied θ t -skew-cyclic codes over F q + vF q + v 2 F q , where v 3 = v. Later Minjia Shi et al. [17] extended these results to skew cyclic codes over F q + vF q + · · · + v m−1 F q , where v m = v. Gao et al. [5] studied skew constacyclic codes over F q + vF q , where v 2 = v.
Recently people have started studying skew cyclic codes over finite commutative non-chain rings having 2 or more variables. Yao, Shi and Solé [19] studied skew cyclic codes over F q +uF q +vF q +uvF q , where u 2 = u, v 2 = v, uv = vu and q is a prime power. Ashraf and Mohammad [2] studied skew-cyclic codes over F q +uF q +vF q , where u 2 = u, v 2 = v, uv = vu = 0. Islam and Prakash [11] studied skew cyclic and skew constacyclic codes over F q + uF q + vF q + uvF q , where u 2 = u, v 2 = v and uv = vu. Islam, Verma and Prakash [12] studied skew constacyclic codes of arbitrary length over F p m [v, w]/ < v 2 − 1, w 2 − 1, vw − wv >. In all these papers θ was taken as θ t : a → a p t defined on F q .
In this paper, we study skew cyclic and skew constacyclic codes over a more general ring. Let f (u) and g(v) be two polynomials of degree k and ℓ respectively, which split into distinct linear factors over F q . We assume that at least one of k and ℓ is ≥ 2.
, uv−vu be a finite nonchain ring. Cyclic codes over this ring R were discussed in [8] . A Gray map is defined from R n → F kℓn q which preserves duality. We define two automorphisms ψ and θ t on R and discuss ψ-skew cyclic and θ t -skew α-constacyclic codes over this ring, where α is any unit in R fixed by the automorphism θ t , in particular when α 2 = 1. Some structural properties, specially generator polynomials and idempotent generators for skew constacyclic codes are determined. We shall show that a skew cyclic code over the ring R is either a quasi-cyclic code or a cyclic code over R. Further we shall show that Gray image of a θ t -skew α-constacyclic code of length n over R is a θ t -skew α-quasi-twisted code of length kℓn over F q of index kℓ. Some examples are also given to illustrate the theory.
In [15] , Raka et al. had discussed α-constacyclic codes over the ring F p [u]/ u 4 − u , p ≡ 1(mod 3) for a specific unit α = (1−2u 3 ). (Note that the unit α here satisfies α 2 = 1 in the ring F p [u]/ u 4 −u ). On taking θ t as identity automorphism, the results on θ t -skew α-constacyclic codes (Section 4) give the corresponding results for α-constacyclic code over R which generalize the results of [15] .
The results of this paper can easily be extended over the more general ring
The paper is organized as follows: In Section 2, we recall the ring R = F q [u, v]/ f (u), g(v), uv − vu and the Gray map Φ : R n → F kℓn q . In Section 3, we define two automorphisms ψ and θ t on R, while in Sections 3.1, we discuss skew cyclic codes over R with respect to ψ. In Section 4, we study skew α-constacyclic codes over the ring R with respect to the automorphism θ t .
2
The ring R and the Gray map 2.1 The ring R Let q be a prime power, q = p s . Throughout the paper, R denotes the commutative ring
, uv−vu , where f (u) and g(v) are polynomials of degree k and ℓ respectively, which split into distinct linear factors over F q . We assume that at least one of k and ℓ is ≥ 2, otherwise R ≃ F q . If ℓ = 1 or k = 1, then the ring
. Duadic and triadic cyclic codes, duadic negacyclic codes over F q [u]/ f (u) have been discussed by Goyal and Raka in [6, 7] . Further in [8, 9] , Goyal and Raka have discussed polyadic cyclic codes and polyadic constacyclic codes over
R is a non chain ring of size q kℓ and characteristic p.
For k ≥ 2 and ℓ ≥ 2, let ǫ i , 1 ≤ i ≤ k and γ j , 1 ≤ j ≤ ℓ, be elements of the ring R given by
(1)
If k ≤ 1, we define ǫ i = 1 and if ℓ ≤ 1, we take γ j = 1.
We note that ǫ
For i = 1, 2, · · · , k, j = 1, 2, ..., ℓ, define η ij as follows
Lemma 1: We have η 2 ij = η ij , η ij η rs = 0 for 1 ≤ i, r ≤ k, 1 ≤ j, s ≤ ℓ, (i, j) = (r, s) and i,j η ij = 1 in R, i.e., η ij 's are primitive orthogonal idempotents of the ring R. This is Lemma 2 of [8] .
The decomposition theorem of ring theory tells us that R = i,j η ij R.
For a linear code C of length n over the ring R, let for each pair (i, j),
η rs x rs ∈ C}.
Then C ij are linear codes of length n over
η ij C ij be a linear code of length n over R. Then
As b ∈ C, we find that
which gives, using Lemma 1
The reverse inclusion can be obtained by reversing the above steps. This proves (i) and (ii), (iii) follow immediately from (i).
2.2
The Gray map
where
Define a Gray map Φ : R → F kℓ q by
(3) This map can be extended from R n to (F kℓ q ) n component wise i.e. for r = (r 0 , r 1 , · · · , r n−1 ), where r s = η 11 a
Let the Gray weight of an element r ∈ R be w G (r) = w H (Φ(r)), the Hamming weight of Φ(r). The Gray weight of a codeword c = (c 0 , c 1 , · · · , c n−1 ) ∈ R n is defined as w G (c) =
The next theorem is a special case of a result of Goyal and Raka [8] .
Theorem 2 The Gray map Φ is an F q -linear, one to one and onto map. It is also distance preserving map from (R n , Gray distance
Sometimes it is more convenient to use a permuted version of the Gray map Φ on R n . For r = (r 0 , r 1 , · · · , r n−1 ), where r s = η 11 a
11 , · · · , a
12 , a
Clearly the Gray images Φ(C) and Φ π (C) of a linear code C over R are equivalent codes.
3 Skew Cyclic codes over the ring R Let θ be an automorphism of R. The map θ can be extended to R n component wise i.e. for c = (c 0 , c 1 , · · · , c n−1 ),
Let c = (c 0 , c 1 , · · · , c n−1 ) ∈ R n . The cyclic shift of θ(c)-called θ-cyclic shift or the skew cyclic shift is defined as
Let c be divided into m equal parts of length r where n = mr, i.e.
A linear code C of length n over R is called a skew cyclic code if σ θ (C) = C and a skew quasi-cyclic code of index m if τ θ,m (C) = C.
where the variable x is written on the right of the coefficients, forms a ring under usual addition of polynomials and the multiplication is defined as ax i * bx j = aθ i (b)x i+j for a, b ∈ R. The skew polynomial ring R[x, θ] is non-commutative unless θ is the identity isomorphism. Let R n = R[x, θ]/ x n − 1 . R n is a left R[x, θ]-module with usual addition and left multiplication defined as r(x) * (f (x)+ x n − 1 ) = r(x) * f (x)+ x n − 1 for r(x) ∈ R[x, θ] and f (x)+ x n − 1 ∈ R n . In polynomial representation, a linear code of length n over R is a skew cyclic code if and only if it is a left
In polynomial representation, a skew quasi-cyclic code of length n = mr and index m can be viewed as a left R[x, θ]/ x m − 1 -submodule of R[x, θ]/ x m − 1 r due to the one-to-one correspondence :
In this paper, we will consider the following two automorphisms on the ring
Clearly the order of ψ is ℓ.
2. Let q = p s and t be an integer 1 ≤ t ≤ s. Define an automorphism θ t : F q → F q given by θ t (a) = a p t and extend it to θ t : R → R by
Note that if t = s, θ t is the identity map and this automorphism is irrelevant if q is a prime. Clearly the order of θ t is |θ t | = s/t and the ring
3.1 ψ-skew Cyclic codes over the ring R
In this subsection, we discuss skew cyclic codes over R with respect to automorphisms ψ.
Proof : Since the order of ψ is ℓ, for any natural number i and a ∈ R, we have x ℓi * a = (ψ ℓ ) i (a)x ℓi = a * x ℓi ; so x ℓi is in the center of R[x, ψ]. As the fixed ring of R by ψ is F q , any f ∈ F q [x ℓ ] is a central element. Conversely for any f ∈ Z(R[x, ψ]) and a ∈ R, we have x * f = f * x and a * f = f * a which implies f ∈ F q [x ℓ ].
Corollary 1
The polynomial x n − 1 is in the center Z(R[x, ψ]) if and only if ℓ divides n.
is a ring and a skew cyclic code C of length n over R is a left ideal in R n .
Theorem 4 Let C be a skew cyclic code of length n. If g(x) is a polynomial in C of minimal degree and leading coefficient of g(x) is a unit in R, then C = g(x) where g(x) is a right divisor of x n − 1.
Therefore we must have r(x) = 0 and so C = g(x) . Further if x n − 1 = q(x)g(x) + r(x) for some skew polynomials q(x), r(x) ∈ R[x, ψ] and deg r(x) <deg g(x), then r(x) = (x n − 1) − q(x)g(x) ∈ C and so r(x) = 0. Therefore g(x) is a right divisor of x n − 1.
Theorem 5 Let C be a skew cyclic code of length n over R and let r = gcd(n, |ψ|) = gcd(n, ℓ). If r = 1, then C is a cyclic code of length n over R; if r > 1 then C is a quasi-cyclic code of index n/r. . Since C is a skew cyclic code, σ ψ (c), σ 2 ψ (c), · · · , σ r ψ (c), · · · all belong to C. Since r + bn is divisible by ℓ = |ψ|, we have
where θ is Identity automorphism. Therefore τ θ,m (c) ∈ C. If r > 1, C is a quasi-cyclic code of index m. If r = 1, i.e. m = n, then C is a cyclic code of length n over R.
Remark 2
The above result holds for any automorphism θ on R. 
. We have γ 1 = (1·η 11 +0·η 12 +0·η 13 +0·η 14 )+(1·η 21 +0·η 22 +0·η 23 +0·η 24 ). One finds that ψ(γ 1 ) = γ 2 , ψ(γ 2 ) = γ 3 , ψ(γ 3 ) = γ 4 , ψ(γ 4 ) = γ 1 and ψ(ǫ i ) = ǫ i for i = 1, 2. The order of ψ is 4. The polynomial g(x) = x 4 + u(γ 1 + γ 3 )x 3 + u(γ 1 + γ 3 )x + 1 is a right divisor of x 8 − 1 over the ring R[x, ψ], therefore it generates a skew cyclic code of length 8 over R. By Theorem 5, this code is a quasi-cyclic code of index 2.
, uv − vu and n = 9. The polynomial g(x) = x 6 + x 3 + 1 generates a skew cyclic code of length 9 over R. This code is equivalent to a cyclic code of length 9, by Theorem 5.
θ t -skew constacyclic codes over the ring R
In this section we will study θ t -skew α-constacyclic code over R, where α is a unit in R given by
so that θ t (α ij ) = α ij and θ t (α) = α.
Note that α 2 = 1 if and only if α 2 ij = 1, i.e. if and only if α ij = ±1. In the special case when θ t = identity map, we get all the corresponding results for α-constacyclic codes over R. We shall call θ t -skew constacyclic code simply as skew constacyclic code.
A linear code C of length n over R is said to be skew α-constacyclic code if C is invariant under the skew α-constacyclic shift ϑ α , where ϑ α : R n → R n is defined as
i.e., C is skew α-constacyclic code if and only if ϑ α (C) = C. Clearly C is skew cyclic if α = 1 and is called skew negacyclic if α = −1.
By identifying each codeword by the corresponding polynomial, a linear code C of length n over R is skew α-constacyclic code if and only if is left 
Note that, using the properties of idempotents η ij from Lemma 1
Therefore ϑ α (c) ∈ C if and only if ϑ α ij (a ij ) ∈ C ij .
. Take θ t = Identity automorphism and the unit α = η 11 − η 21 − η 31 − η 41 = 1 − 2u 3 . Then a linear code C is (1 − 2u 3 )-constacyclic code over R = F q [u]/ u 4 − u if and only if C 11 is cyclic and C 21 , C 31 , C 41 are negacyclic codes of length n over F q . This is Theorem 2 of [15] .
Following is Lemma 3.1 of Jitman et al. [14] , where R was taken as a finite chain ring, but the result is true for any finite ring.
Lemma 2 Let C be a linear code of length n over a finite ring R. Let θ be an automorphism of R and suppose n is a multiple of the order of θ. Let λ be a unit in R such that θ(λ) = λ. Then C is skew λ-constacyclic code if and only if C ⊥ is skew λ −1 -constacyclic code over R.
Theorem 7 Let the order of θ t divide n. If the code C = i,j η ij C ij is a skew α-constacyclic of length n over R, then C ⊥ is skew α −1 -constacyclic code over R and C ⊥ ij are α −1 ij -constacyclic codes over F q , where α is as given in (8) . Further for C to be self-dual it is necessary that α = i,j (±η ij ), i.e. α 2 = 1.
Proof: The first statement follows from Lemma 2, as θ t (α) = α. Also by Theorem 1, we have
Further C is self-dual if and only if C ij are self-dual. Now for C ij to be self dual it is necessary that α ij = α
Remark 3: It may happen that α = i,j (±η ij ), i.e. α ij = ±1, but C ij are not self-dual skew α ij -constacyclic codes and so C may not be self-dual skew α-constacyclic code.
Corollary 2 Let the order of θ t divide n. Then the number of units α for which C can be self-dual skew α-constacyclic of length n over R is 2 kℓ .
Gao et al. [5] showed that a skew λ-constacyclic code of length n over F q is generated by a monic polynomial g(x) which is a right divisor of x n − λ in F q [x; θ t ]. Analogous to this we have the following results for skew constacyclic codes over R.
(ii) g(x) is a right divisor of (x n − α).
Proof: First we show that
. Therefore c(x) ∈ E and so C ⊆ E.
Conversely let c(x)
is a right divisor of x n − α.
Next we determine generator polynomial of dual of a skew α-constacyclic codes over R, when the order of θ t divide n. First we have Lemma 3: Let order of θ t divide n and D = g(x) be a skew λ-constacyclic code of length n over F q then the dual code D ⊥ is a skew λ −1 -constacyclic code generated by h ⊥ (x) = h n−r + θ t (h n−r−1 )x + · · · + θ n−r t (h 0 )x n−r , where
The proof is similar to that of Corollary 18 of Boucher et al. [4] , where generator of dual of a skew cyclic code was determined.
Theorem 9 Let the order of θ t divide n. Let C = i,j η ij C ij be a skew α-constacyclic code of length n over R. Suppose C ij = g ij (x) , where
Proof : By Theorem 1, we have
Next we compute idempotent generator of the skew constacyclic code C over R. First we have Lemma 4 Let D be a θ t -skew λ-constacyclic code of length n over F q . If gcd(n, q) = 1 and gcd(n, |θ t |) = 1, then there exists an idempotent polynomial e(x) ∈ F q [x, θ t ]/ x n − λ such that D = e(x) .
The proof is similar to that of Theorem 6 of Gursoy et al. [10] .
Theorem 10 Let C = i,j η ij C ij be a θ t -skew α-constacyclic code of length n over R. If gcd(n, q) = 1 and gcd(n, |θ t |) = 1, then there exists an idempotent polynomial e(x) ∈ R[x, θ t ]/ x n −α such that C = e(x) and C ⊥ = 1−e(x −1 ) .
Proof: By Lemma 4, let e ij (x) ∈ F q [x, θ t ]/ x n − α ij be idempotent generators of skew α ij -constacyclic codes C ij . Take e(x) = i j η ij e ij (x). Then e(x) is an idempotent and also a generator of C.
In fact if α is any unit in
, uv − vu satisfying α 2 = 1, i.e. α = i,j (±η ij ) and n is odd then x n − α = (x − α)(x n−1 + αx n−2 + x n−3 + · · · + αx 3 + x 2 + αx + 1). Therefore the skew α-constacyclic code C = x n−1 + αx n−2 + x n−3 + · · · + αx 3 + x 2 + αx + 1 is a α-constacyclic code of length n over R.
Example 6 Consider the field F 25 = F 5 [β], where β 2 − β + 2 = 0 and θ be the Frobenius automorphism on F 25 defined by θ(β) = β 5 . Let f (u) = u 3 − u, g(v) = v 2 − v and R = F 25 [u, v]/ u 3 − u, v 2 − 1, uv − vu . Now x 6 − 1 = (x 2 − 1)(x 2 − x + 1)(x 2 + x + 1) and x 6 + 1 = (x 2 + 1)(x 2 + 2x − 1)(x 2 + 3x − 1). Let α = η 11 + η 12 − η 21 + η 22 − η 31 + η 32 = 1 − 2u 2 + 2vu 2 , g 11 = g 12 = g 22 = g 32 = x 2 + x + 1 and g 21 = g 31 = x 2 + 3x − 1. Then C = g(x) , where g(x) = i j η ij g ij = x 2 + (1 + 2u 2 − 2u 2 v)x + (1 − 2u 2 + 2u 2 v) is a skew (1−2u 2 +2vu 2 )-constacyclic code of length 6 over R. Further as gcd(6, |θ|) = 2, C is a (1 − 2u 2 + 2vu 2 )-quasi-twisted code of index 3.
Theorem 12 Let ϑ α be the skew α-constacyclic shift defined in (9), ρ α,kℓ be the α-quasi twisted shift as defined in (11) and let Φ π be the Gray map as defined in (4) . Then Φ π σ α = ρ α,kℓ Φ π .
Proof : Let r = (r 0 , r 1 , · · · , r n−1 ) ∈ R n , where r s = η 11 a
.
Applying Φ π , we get
On the other hand
11 , · · · , a (n−1) 11
12 , · · · , a
Theorem 13 A linear code C of length n over R is a skew α-constacyclic code if and only if Φ π (C) is a skew α-quasi-twisted code of length kℓn over F q of index kℓ.
Proof : From Theorem 12, we see that
Therefore ϑ α (C) = C if and only if Φ π (C) = ρ α,kℓ (Φ π (C)).
Corollary 3
If a linear code C of length n over R is a skew α-constacyclic (a skew cyclic) then Φ(C) is equivalent to a skew α-quasi-twisted (a skew quasicyclic) code of length kℓn over F q of index kℓ. A decomposition of x 6 − 1 in the skew polynomial ring F 4 [x, θ] is x 6 − 1 = (x 2 − 1)(x 4 + x 2 + 1) = (x 2 − β)(x 4 + βx 2 + β 2 ) = (x 2 − β 2 )(x 4 + β 2 x 2 + β) = (x 3 + βx 2 + β 2 x − β 2 )(x 3 + β 2 x 2 + β 2 x + β).
If we take C ij = x 3 + β 2 x 2 + β 2 x + β for i = 1, 2 and j = 1, 2, 3, then C = ⊕η ij C ij = x 3 + β 2 x 2 + β 2 x + β is a skew cyclic code over R of length 6. Its Gray image Φ(C) is a quasi-cyclic code of index 6 with parameters [36, 18, 4] .
If we take C 11 = C 13 = x 4 + x 2 + 1 , C 12 = C 21 = x 4 + αx 2 + α 2 and C 22 = C 23 = x 4 + β 2 x 2 + β , then C = ⊕η ij C ij = x 4 + (βuv 2 + v 2 + βv + β 2 u + 1)x 2 + (β 2 uv + β 2 v 2 + v + βu + 1) is a skew cyclic code over R. Its Gray image Φ(C) is a quasi-cyclic code of index 6 with parameters [36, 12, 3] .
Theorem 14
If n is odd and the unit α satisfies α 2 = 1, then a skew α-constacyclic code of length n over R is equivalent to a skew cyclic code over R.
Proof: Define a map ϕ : R n = R[x, θ t ]/ x n − 1 → R n,α = R[x, θ t ]/ x n − α by ϕ(f (x)) = f (αx). Then ϕ is R[x, θ t ]-module isomorphism because f (x) = g(x) in R[x, θ t ]/ x n − 1 ⇔ f (x) − g(x) = h(x) * (x n − 1) for some h(x) ∈ R[x, θ t ] ⇔ f (αx) − g(αx) = h(αx) * (α n x n − 1) = h(αx) * (αx n − 1) as α n = α for n odd = αh(αx) * (x n − α) as α 2 = 1 and θ t (α) = α ⇔ f (αx) = g(αx) in R[x, θ t ]/ x n − α .
This gives the result.
Theorem 15 Let kℓ ≡ 1(mod s/t). Then for any r ∈ R n , Φσ θt (r) = σ kℓ θt Φ(r).
Proof : Let r = (r 0 , r 1 , · · · , r n−1 ) ∈ R n , where r s = ij η ij a (s) ij . Then Φ(σ θt (r)) = Φ θ t (r n−1 ), θ t (r 0 ), · · · , θ t (r n−2 ) = Φ ij η ij θ t (a (n−1) ij ), ij η ij θ t (a (0) ij ), · · · , ij η ij θ t (a (n−2) ij ) = Φ ij η ij θ t (a (n−1) ij ) , Φ ij η ij θ t (a ) .
